Visit http://www.mathsmadeeasy.co.uk/ for more fantastic resources.

AQA, Edexcel, OCR

A Level

Name:

Mathsmadeeasy.co.uk

Total Marks: /116

Maths Made Easy © Complete Tuition Ltd 2017


http://www.mathsmadeeasy.co.uk/

C2 - Sequences and Series (Answers)
OCR, AQA, Edexcel

. Consider an arithmetic sequence with k*" term given by aj, = a + (k — 1)d. Prove that

S = kz::lak = %n(Qa—l— (n—1)d).

To begin, write out the sum term by term:

S=a+(@+d)+(a+2d)+(a+3d)+---+(a+ (n—2)d+ (a + (n — 1)d).
Now compute S + S using the above by adding the first term to the last term, the second term to the

second-to-last term, the third term to the third-to-last term and so on. To make this easier to visualise
we may write:

S=a + (a+d) +--+(a+(n—2)d+ (a+ (n—1)d). (1)
S=(a+n—-1)d)+ (a+(n—-2)d)+---+ (a+d) +a. (2)

We now add both lines together to obtain:

28 =2a+(n—-1)d)+ (2a+ (n—-1)d)+-- -+ (2a+ (n — 1)d) + (2a + (n — 1)d),

Where we note that we simply have n lots of (2a + (n — 1)d) on the right. And so we write:

25 =n(2a+ (n —1)d),
which when rearranged yields:
1
S = 5n(2a + (n—1)d),

as required.

. Consider the sequence defined recursively by:

Up+2 = 4un-‘,—l — Unp, n Z 17
where,
Uy = 1, Ug = 2.

(a) uz =7 and ug = 26.
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(b) 3% up =1+2+7+26+097 = 133, 3

3. Consider the sequence defined recursively by:

Upt+2 = 2Up41 — Un, n>1,
where,
up =5, uy=7.
(a) uz =9,us =11 and us = 13. [3]
() 32wy =5+T7+9+11+ 13 = 45. [2]
(c) We find the n** term of the sequence to be u, = 2n + 3. [4]

(d) This is a hard question. To calculate this sum we adopt the method used in question 1).
Let S = Z:L[),_Ol Up. We write this out term by term as:

S=5+T7+9+11+ -+ 201 + 203. (3)

Now we rewrite S again but this time order the terms from largest to smallest rather than smallest
to largest:

S =203+201+19941974---4+745. (4)

We now add these two lines together term by term (in other words we do (3)+(4)) to get:

25 =208 + 208 + 208 4 208 + - - - 4- 208 + 208.

Now there are 100 terms on the right hand side and so we have:

25 = 100 x 208,

which we rearrange to get:
S =50 x 208 = 10400.
Therefore we get the answer:

100
S = Zun = 10400.

n=1
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4. The k*" term of an arithmetic sequence is given by a, = 2 + 4(k — 1).

(a) a; = 2
(b) a9 = 6
(c) d=4

(d) Zi=1ak:a1+a2:2+6:8.

(e) 220:1 ar = 5000 (Use the arithmetic series formula given in Q1 withn =50, a =2 andd =4)

5. An arithmetic sequence has fifth term a5 = 17 and eigth term ag = 26.

(a) d=3and a =5.

(b) % ay = 1455.

6. Consider the sequence with n term given by u, = 2n + 1.

(a) up =3,u2s =5,u3 =7 and ugy = 9.
(b) This is an arithmetic sequence with common difference d = 2 and first term a = 3.

(c) 32 u, = 440.

7. Which of the following series are convergent? Which are divergent? You are not required to evaluate the
convergent series.

(a) >-07 o1 is divergent. We are adding the number 1 to itself an infinite number of times.

(b) ZZO:O 2n is divergent. The numbers are getting bigger and bigger each time and we are adding an
infinite number of them.

(c) >0, (%)n is convergent. This is a geometric series with r = % Since |%| < 1, it converges.
(d) 302520 (%)n is convergent. This is just a scalar multiple of the series above.
(e) Y02 y2™ is divergent. This is a geometric series with r = 2. Since [2| > 1, it diverges.

(f) >o02 o r™ is a geometric series. It converges if |r| < 1.

(8) Son’o(2r)™ is a geometric series. It converges if [2r| < 1. Le. when |r| < 3.
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8. Consider the geometric sequence with general term given by aj = (%) :

(a) as = %.
20 1-(3)* _ 2007151
(b) T3 ax = UL = 2omst 999
(¢) Yopeoar =2.
9. Be careful! This is a sum from 1 to co not 0 to co. To begin, we evaluate Zzozo 4 (%)k = % as normal.

But we need to spot that we have added one term too many. We need to discount the zero term. The

zero term is 4 x (1)0 = 4. And so we get the answer:

6
') k
1 24 4
Sa(3) 2=t
6 ) )

10. Consider a geometric sequence with k** term a; = ar® such that:

a1:1,
(o)
9
k—f
Sart =2
k=0
(a) Eithera=3andr=1%,ora=3 andr = 2.

11. Expand the following expressions. Hint: use Pascal’s triangle and binomial expansion:
(a) x* 4+ 423 4 622 + 42 + 1.
(b) x® + 622 + 12z + 8.
(c) 16z + 9623 4 21622 + 2162 + 81.

(d) 8z* + 2823 + 3022 + 13z + 2.
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12.

13.

14.

15.

16.

Evaluate the following binomial coefficients:

(a) 1. 2]
(b) 5 2]
(c) 3. [2]
(d) 4. 2]
(e) 10. (2]
(f) 1. 2]
(g) 3. 2]
(h) 4 2]
i 1. 2]
8 (3]
5103. [4]
30375. [4]

To find the coefficient of 22 in the expansion of (2 — z)%(z — 3) we first must think about how we could
get 22 terms in the final expansion. Cearly, we need to find the 2 and 22 terms in the expansion of
(2—x)%. The reason for this is that if we expanded (2 — z)® then the only way we can generate x> terms
when we multiply by (z — 3) is by an 22 term multiplied by the z or an z3 term multiplied by the —3
term. Since we are doing an expansion to the power 6, we need the 6! row of Pascal’s triangle:

1 6 15 20 15 6 1

The z? term in this expansion is: 15 x (2)* x (—x)? = 24022,

And the 23 term is: 20 x (2)3 x (—z)® = —16023.

In the final multiplication we x3 terms by: 24022 x x = 240z3,
and: —16023 x (—3) = 48023,

And so the coefficient of the 23 term is: 240 + 480 = 720. [5]
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